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Abstract 

We find a new family of exact solutions in membrane theory, representing toroidal mem- 
branes spinning in several planes. They have energy square proportional to the sum of the 
different angular momenta, generalizing Regge-type string solutions to membrane theory. By 
compactifying the eleven dimensional theory on a circle and on a torus, we identify a family 
of new non-perturbative states of type IIA and type JIB superstring theory (which contains 
the perturbative spinning string solutions of type II string theory as a particular case). The 
solution represents a spinning bound state of D branes and fundamental strings. Then we find 
similar solutions for membranes on AdS^ x S"^ and AdS^ x S*^. We also consider the analogous 
solutions in SU {N) matrix theory, and compute the energy. They can be interpreted as rotating 
open strings with DO branes attached to their endpoints. 
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1 Introduction 

Understanding new aspects of M-theory may eyentually lead to a powerful setup to uncoyer 
and clarify the non-perturbatiye physics of string theory (for a reyiew of M-theory, see [1]). An 
important piece of information about the theory is its mass spectrum. In eleyen uncompact 
dimensions, determining the spectrum of quantum states is a hard problem, there is no coupling 
constant and gravitational effects are always important. In compactifying the eleven dimen- 
sional coordinate X^^ on a circle of radius Riq, one makes contact with type IIA superstring 
theory with coupling (yfjiA = '^'^Rio/^p^ where Ip is the eleven-dimensional Planck length [2,3]. 
For small radius, M-theory describes a weakly-coupled string theory and it is possible to com- 
pute masses without the complication of gravitational interactions, provided they are of order 
M = 0{g^D, s < 2 so that the gravitational forces (proportional to (/^j^M) are negligible as 
9iiA ^ 0. In particular, this is the reason why there exists a simple weak coupling description 
for DO branes, which have masses 0{g^\). 

M-theory is known to contain membranes and five branes (see e.g. [1,4]). In this paper we 
will find new classical solutions in supermembrane theory [5, 6] and compute their energy. In 
fiat space, these solutions are similar to the spinning string solutions of [7], which were found to 
be highly stable quantum mechanically in weakly-coupled string theory. For a special choice of 
quantum numbers (such that the solution depends only on one spatial membrane coordinate) 
the solution reduces to the string solution of [7] . For general quantum numbers, the energy has 
non-trivial dependence on the coupling constant guA of the form E ~ 0{gii\). This means that 
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for small radius -Rio one can ignore gravitational effects, so these solutions describe genuine 
quantum states with high-excitation quantum numbers in M-theory, and new non-perturbative 
states in type IIA string theory. By further compactifying the coordinate on a circle of 
radius i?9, one makes contact with type IIB string theory. Ten-dimensional type IIB theory 
arises as M-theory on the torus {X^, in the limit that the area R9R10 goes to zero at fixed 
fl'iiB = Membranes states can lead to various types of non-perturbative objects of type 

IIB theory, such as bound states of fundamental strings and D strings [8-10]. The spinning 
solutions presented here lead to a new class of non-perturbative states of type II string theory, 
representing rotating objects which do not have a pure fundamental string interpretation. They 
have in general D brane charges and fundamental string charges. 

We then consider similar spinning solutions for membrane theory in AdSj x and in 
AdS4: X S'^. These solutions are the membrane analogue of the general class of spinning string 
solutions found in AdS^ x in [11] (which includes some spinning string solutions appeared 
earlier in [12, 13]). The energy admits a simple expansion at large angular momenta. 

It has been proposed [14] that M-theory in the light-cone frame is described by Matrix 
theory, which can be viewed as a regularized theory of the supersymmetric membrane [15] (for 
reviews see [16,17]). The fundamental degrees of freedom can be viewed as the DO branes, 
which in the light-cone frame are expected to capture all the complicated dynamics of M 
theory. The Lagrangian is that of supersymmetric quantum mechanics described by 0-1-1 super 
Yang-Mills theory with sixteen supersymmetries. In the last part of the paper we consider 
"spinning" solutions in Matrix theory, found in [18], which are analogous to the spinning 
membrane solutions. Here they are slightly generalized to incorporate rotation in four different 
planes, and in addition we compute the energy, which was not done in [18]. 

There is an extensive literature on classical solutions in membrane/matrix theory. The 
reader can look at [6,19] and more recently [18,20-25]. Some of the present solutions are 
similar to the ones obtained in [18]. In addition, we present generalizations and many new 
solutions that include momentum and winding in the directions Xg, Xiq, which allows to make 
contact with type II string theories. These are in fact the most interesting solutions that give 
rise to new non-perturbative states with rotation in type II string theory. 



2 Spinning membranes solutions in flat space 
2.1 General rotating ansatz 

The starting point is the bosonic part of the action for the supermembrane [5] in flat space 

S--yJ "^'^ {^h^^daX^df^X^ri,, - V^) , // = 0, . . . , 10 . (2.1) 

T2 is the membrane tension, T2 = (27r/p)~^. The equations of motion for the metric on the 
membrane worldvolume gives 

dX'^ dX'^ 

^o^P^ Q^a Q^p ^i^-^ a,/? = 0,1, 2. (2.2) 

In what follows we use the notation (^°, ^^) = (r, a, p). Treating the X and h as independent 
fields, we now fix the gauge in the usual way [6,26], by setting 

hra ^hrp^O , hrrL^ = -g , (2.3) 
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where L is an arbitrary constant with units of length and g the determinant of the spacehke 
part of the induced metric. The action ()2.ip becomes 

S = -yJ {-LdrX'^drX^T]^, + I {h'^d.X^d.X'^r]^, - 1)) . (2.4) 

Using the equation of motion for the induced metric, hij = diX'^djX'^ri^u the action ()2.4|1 reads 



S=-yJ (^-LdrX'^d^X^ + ^{X^,X4{X^X'^}^ 



(2.5) 



where the Poisson bracket is defined as usual as 

{/, g} = e'^drfdsQ , r, s = (J, p , (2.6) 

for any two different iable functions /, g on the two dimensional manifold. 

In terms of the X^ fields, the constraints for the induced metric ()2.3|) that must be imposed 
to the solutions are 

dXf'dX'' dX^'dX" , 

. dXt'dX" f dXi'dX^'V ( dX^ dX''\ ( dX^ dX''\ , , 

^ ^-^^ = l^-^^ ) ' l^-^^ ) l^-^^ ) ■ (2.8) 

Now we consider a general rotating ansatz of the following form 

Xq = KT , 

Zi(r, a, p) = X, + tX, = nia, p)e^-^-+^'-^(-^p) , 

Z2(r,a,p) = X3 + 2X4 = r2(a,p)e*-^^+^"^('^''') , 

Z,iT,a,p) = X5 + 2X6 = r3(a,p)e*'^^^+^"^('^''') , 

Z4(r,a,p) = X7 + zX8 = r4(a,p)e*'^^^+^"^('^''') , (2.9) 

Xg = Xio = . 

This represents a membrane spinning in four orthogonal planes Zi, . . . , Z4. Using this ansatz, 
the action for the membrane ()2.5p reads 
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(4 4 
a=l a,b=l 



(2.10) 

The equations of motion for the radial and the angular coordinates are given by 
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^'^c - Y.^rl{ac, + {r„ aj") J + E ({{'"c, ra}, + r^jfre, aj, aj) = (2.11) 

V a=l / a=l 

E {rl{{(^c, «a}, «a} + {{ftc, r-a}, r J) = . (2.12) 
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Inserting the ansatz (j2.9p . the constraints (|2.7p . (|2.8|) take the form 

4 4 

cjar^g^ftg = LOgrldpaa = , (2.13) 



a=l a=l 
4 



H^ya) = E (^{---^^ + lrlrl{ag,a,r + rl{a.,nr) ■ (2.14) 

a=l a,b=l ^ ^ 



2.2 Constant radius solution 

A simphfication of our original ansatz (that generahzes the rotating string solutions of [7] to 
membrane theory) is considering solutions of constant radius and with the phases depending 
linearly on a, p. Assuming that the are constants, the equation of motion (|2.12|) for the 
phases becomes 

4 

J2rl{{ab,aa},aa} = . (2.15) 

a=l 

This is indeed solved by aa{o',p) = kacr + lap, i.e., 

Z,(r, a, p) = r,e^-»-+'('=»'^+''^^) , a = 1, . . . , 4 , (2.16) 

with ka, la integer numbers, as implied by the periodicity condition satisfied by a closed mem- 
brane. The equation of motion ()2.11|) of the radial coordinates leads to 

1 4 

Lul - -Y^rlikka - lahf = . (2.17) 



a=l 



This equation determines the frequencies uib as a function of the radii and the different 
winding numbers. 

Using the ansatz ()2.16|) . the constraints can be written as 

(2.18) 



4 

^^arlka 
a=l 


4 
a=l 




4 


a=l 


= X] ^a^bif^alb - hlaf 
a,b=l 



_ (2.19) 

=1 a,b=l 

Combining with eq. (j2.17|) . we get 

4 

K' = 2Y,rlujl. (2.20) 

a=l 

The solution ()2.16p appeared in [18] in the case of light-cone gauge membrane theory. In the 
light-cone gauge the constraints ()2.18|) (which lead to constraints on the angular momenta and 
winding numbers, see (|2.27|) ) is absent. The reason is the following. This constraint comes from 
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(j2.7j) . In the light cone gauge X+ = p+r, this gives p+dsX~ = drX^dsX\ which can be solved 
for X~ provided the integrability condition = is satisfied, which is automatically 

the case for the solution ()2.16p . In the present case, instead, Xq = nr, Xg = Xiq = 0, and 
this physical membrane state ()2.16|) exists only if the angular momenta and winding numbers 
are constrained by ()2.18j) (i.e. ()2.27|) ). The light-cone gauge represents an extreme physical 
situation of infinite momentum, where the theory typically gets simplified. In section 2.4 we 
shall consider a generalization where the constraint ()2.7|) can be solved by adding winding and 
linear momentum in the directions Xg, Xiq. 



2.3 Energy and angular momenta 

Now we evaluate the conserved quantum numbers of the rotating membrane solutions. We 
start with the action ()2.5p . 

5 = - y / rf^e (l{X,' - r,^ - re^ - J^i^l^^ + rlPl)) 

^ \ a=l 

+ iK,Xo}2 + ^ (l{r,,nr + ^(ranr{/3^,/3,y + rUra,/3tV)] , (2.21) 



a,b=l 

with coordinates defined as 



Za{T,a,p)=raiT,a,p)e"'^'~^''''P\ a = 1,...,4 

Xg = rg , Xio =r,, Xo . (2.22) 
The conserved quantum numbers are 

/A Q 

dadp Ho, Ho = ^ (2.23) 

/6 S 

dadpU^^, ^Pa^j^^ (2.24) 

In the present case, we obtain 

E = Ati^T^L k , Ja = An^T^L u^rl • (2.25) 

The energy of our solution can be obtained from ()2.20j) (coming from the constraint ()2.8|) ). 
which determines k, 

= 2(47r'T2L) ^ J.cu, , (2.26) 

a 

where uJa are determined by ()2.17|) . Note that each term in the sum on the right hand side of 
(j2.26j) is positive definite, since Jai^a = 47r^T2L cu^r^. The constraints (|2.18|) become 

4 4 

J2'Jaka = 0, Yl -^-^^ = • (2.27) 

a=l a=l 

Let us now particular cases where some of the angular momenta vanish. Because of the con- 
straint (|2.18|) . the minimum number of non- vanishing angular momenta is two. However, in 
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the case of rotation in two planes, i.e, Zj,^Z^ = const, it can be seen that eqs. (|2.17|) . (|2.18p 
lead to uJi = UJ2 = 0, so this solution is trivial. The first nontrivial case is the rotation in three 
planes.^ 

In the case of rotation in three planes, we can write ()2.17|1 . ()2.18j) as 

3 3 

5^ JaA:a = , J-^- = ' (2.28) 

a=l a=l 
3 7 

^l-y^^{hka-lahf = ^, (2.29) 

where we have defined Cja = {4:7i'^T2L^Y^^uJa- In ()2.29|) we have expressed the radii in terms of 
the angular momenta using ()2.25|) . The reason is that the energy must be expressed in terms of 
the conserved quantum numbers, angular momenta and winding numbers, characterizing the 
state (winding numbers are not conserved in interactions because they are along contractible 
circles; nevertheless, they characterize the states of the free theory). The parameters Ua are 
dimensionless (just as Ua), but they depend only on J^, /„, ka through (|2.29|) . Equations (|2.29p 
are coupled cubic equations, and the analytic solution is complicated. It is easy to see that 
solutions with real frequencies (and real radii) exist. For example, with the choice 

(fci, k2, fcg) = (1, -3, -4) , (/i, /2, h) = (4, 3, -11) , ( Ji, J2, J3) = (4, 2, 2) , (2.30) 

the constraints ()2.28|) are satisfied, and from ()2.29p we obtain the real solution {uji,uj2,0j3) = 
(4.9,21.5,14.4) (for which also the radii are real, since Ja/^a are positive, see p.25|) ). In 
conclusion, the energy in the case of rotation in three planes is 

3 

^2 = 2(47r2T2)2/3^J,cD, , (2.31) 

a=l 

where the uia are determined by eq. (j2.29|) in terms of integer quantum numbers ka,la, J a 
obeying (j2.28|) . As expected, the energy does not depend on the arbitrary length parameter L 
introduced in the choice of gauge. 

2.4 More general rotating solutions 

We now consider the membrane wrapped around two compact directions, and with 
linear momentum, 

^10 = Rio{nioa + miop) + qioT . (2.32) 



^When the coordinates Xg,Xio are compact, there are solutions with rotation in one and two planes, de- 
scribed in section 2.4. In the case of eleven uncompact coordinates, there is a solution with rotation in two 
planes in the light-cone gauge, where the constraint l|2.18|l is absent. In section 5 we discuss the analogous 
solution in the Matrix theory. 
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For the coordinates Z^, a = 1, ...,4, we use the same ansatz (j2.16|) . The constraints (j2.7p . (|2.8|) 
now take the form 

4 

uJarlka + RgqgnQ + -Riogio^-io = , (2.33) 

a=l 
4 

^ Wa'^a^a + ^Q^Q^^Q + i?logiO"ilO = , (2.34) 
a=l 

d 

L^{k^ - ulrl -ql- qIq) = L^Yl + RlRloirigmiQ - niomg)^ , (2.35) 

a a=l 

where in the last equation we have used the relation 

J2 ^(/cfca-/aA:c)'-(47r2T2)2/^/?^^m9fce-n9/c)'-(47r2T2)2/3i??o(mioA;e-nio/c)' = 0, (2.36) 



which follows from the equation of motion for the radial coordinates. The parameters cDa are 
defined as before, uJa = (4vr^T2L'^)^/^u;a. 

The linear momenta along Xg and Xiq are 

/S S 
dodp Hi, Hi = ^ . (2.37) 

We obtain 

Pg = An^T2Lqc, , Pio = ^7r^T2Lq,o • (2.38) 
Because Xg and Xio are compact coordinates, they are quantized, 

P,^f, (2.39) 

-Kg -Kio 

The constraints take the form 

4 4 

Jaka + righg + Uiohio = , ^ Ja^a + ^gfig + miohw = . (2.40) 
a=l a=l 

The energy is then obtained from ()2.25j) with k, determined by ()2.35j) . We get 

4 ~2 ~2 

= 2{A7i^T2f/' + {^^^T^fRlRUn^mio - ni^mgf + ^ + ^ . (2.41) 



The Cba are numbers determined by p.36|l in terms of the integer quantum numbers Ja, /c, 
kci mg, ng, mio, nio and the parameters Rg, Rio- Note that in the energy E there is no 
dependence on the arbitrary constant L as expected. The second term proportional to -Rg-Rfg 
is the usual contribution to the energy coming from the torus area, times membrane tension, 
times membrane charge (equal to ngrriio — riiomg). 
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2.4.1 Rotation in one plane 

The simplest rotating solution is the case Z2, Z^, Z4 =const. corresponding to rotation in one 
plane Zi, with the previous ansatz for Xg,XiQ, 

Xq^ KT , 

Xg = Rg{nga + mgp) + qgT , 
Xio = -Rio(nio(7 + miop) + qwr . 

In this case, the constraints become, 

kJ + ng-hg + niQ-hio — , 

IJ + rngfig + mioriio = , 

L^o;^ = R^{mgk — nglY + R^QimiQk — tiiqI)^ . 

The energy is then 

?2 r,tA2rr T\ T, . I ^ /I _2rn \ 2 d2 d2 /„ _ „ _ N2 , ^9 , ^10 



= 2{An'T2L)Ju; + {An'TiYRiRioingmw - rnomgY + + 



F?2 ' p2 

rig IXiQ 



= ( (47r^r2)(ri9rnio - niomg)RgRio + ^\J^9 + ^lo^ ] ■ (2-42) 

Thus the energy is a complete square. This is related to the fact that the corresponding quantum 
state is a BPS state. In fact, it is the same BPS state studied in [8,9]. In general, the BPS state 
of [8,9] represents a non-marginal bound state of fundamental string and D string in type IIB 
string theory, with charges rig, hio and momentum n = ngrriio — riiomg (see also section 3.2). 
It describes an excited string state (or excited membrane state), whose specific quantum state 
can be any of the exponential number of states at this level. The present solution represents 
one of these quantum states, namely the state with maximum angular momentum. 

2.4.2 Rotation in two planes 

Let us now consider the solution describing rotation in two planes Zi,Z2, by setting Z^ — 
Z4 = const. The constraints and the equations of motion become, 

kiJi -\-k2J2-\- ngflg + UiqUiq = , 

hJi + I2J2 + mghg + miohio = , 
J2 



Cul = ^{k,l2-k2ky + {'i7r^T2f/' 
UJ2 

CjI ^ :^(k,l2 - k2h)' + iA7:'T2Y/^ 



Rl{mgki - nghf + i?^o("^io^"i - '^'lo^i)^ 
Rl{mgk2 - nghf + Rloi'miok2 - niokf 



The solution simplifies when the linear momenta along the directions coordinates Xg, Xiq 
vanish, i.e. fig — nio = 0. In this case, we have 

Jiki + J2k2 = Jih + J2I2 = , (2.43) 
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so that lik2 — hki, and we find an explicit simple expression for the frequencies 



UJ 



Rl{m^ki - ng/i)^ + i?io(mioA;i - UiqIiY 



~,2 



LO. 



Bl{mgk2 - n^ihY + Rlo{miok2 - riiokf 



(2.44) 
(2.45) 



Then, the energy of this solution is 



E'' =2(477^^2)'/' + {A7r''T2fRlRlo{ngmio - niom^f 



a=l 



=2(47r2T2)y i?2 (^^mg - ng^ + Rl^ (^^mio - n^^ {\hJi\ + I/2J2I) 

+ {^T:''T2fRlRl^{ngm^Q - riwmgf (2.46) 

We have added absolute value bars to the two terms in the sum to account for the fact that 
each term in the sum Ylia ^a^a is positive definite because J a ~ '"a'^a- Note that, unlike the 
previous case, the energy is not a complete square. 

In the case Xg — ugRgcr and Xiq — Riop, i.e. mg = nio = 0, mio = 1, the energy becomes 

= 2{47r^T2) ^Rlnl + Rl^,^ {\hJi\ + 1^2^21) + {47r^T2)^RlRlonl . 



(2.47) 



We will return to this energy formula in the next section. 



3 Non-perturbative states in type II string theory from 
rotating membranes 

3.1 Type II A string theory or M-theory on 

Type II A string theory is obtained from M-theory by compactifying the eleventh dimension X^^ 
on a circle. The string tension and string coupling are related to the membrane and M-theory 
parameters as follows: 

a' = . .1 gfjj, = 47r^RloT2 , (3.1) 



47r2i?ioT2' 

Ti = (2W)-^ = 2nRioT2 , 



2 / 2 

10 = Q; • 



(3.2) 



(3.3) 



The perturbative solutions of type IIA string theory have the form dictated by the "double 
dimensional reduction" ansatz [27], 



= Rwp dpX" = 0, = 0, . . . , 9 



(3.4) 
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The membrane solutions of the previous sections have exphcit dependence on the p coordinate, 
and also momentum in the eleventh coordinate X^'^ . One expects that in string theory they 
arise as non-perturbative objects. 

First, consider the type IIA limit in ten uncompact dimensions which is achieved by setting 
-Rg oo. In this case we must set ng = mg = in the solution ()2.1fi|l . ()2.32j) . Now the 
momentum Pg is continuous. In addition, we set riio = 0, mio = 1 to have = -Riop + qioT. 
In terms of the type IIA parameters, the energy ()2.41|) of the membrane solution of section 2.4 
then takes the form 



4 ^2 



E' = P',+^,Y. '^«(^"a) + , (3.5) 

a ^IIA a=l " ^IIA 

where angular momenta and winding numbers satisfy the constraints 

4 4 

kaJa = , ^ laJa = -fllO ■ (3.6) 

a=l a=l 

The Ua are determined in terms of the coupling constant qua and the conserved quantum 
numbers by the system of equations ()2.36|) . which in terms of string parameters reads 



~2 -v ^ 



^{Icka - laKf - gtllkl = . (3.7) 



In order to solve explicitly the above equations, we consider again the case of rotation in two 
planes. Then the equations for the frequencies are given by 

ojI- -r- {hk2 - kihf = gtilkl , 

LlJ2 

- ^ {lik2 - k,hf = gtilkl . (3.8) 

UJi 

These equations admit a number of solutions, which simplify in the particular case of spins of 
equal magnitude and opposite sign, Ji = — J2 (which, by the constraint equations ()3.6|) . implies 
ki = ^2)- In this case the frequencies are given by 




^yiiA 



(3.9) 



(3.10) 



Inserting into ()3.5p . we obtain the exact expression for the energy of this configuration. At 
weak coupling, gu^ <^ 1, the energy has the following expansion 

a'E' = ^ + Uigl^-^ + O {g!,j,) . (3.11) 

S'lIA '^lO 
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There are several points which are worth noticing. First, we again find a Regge-type formula. 
A priori, this is not obvious from ()3.5|) . since the frequencies in general depend on the angular 
momenta. The point is that the frequencies depend on the combination Jf 2(^1^2 ~ hki)^ which 
for Ji = — J2 is equal to n^g (see ()3.6|l ). Second, also for this solution the energy has the behavior 
E = const. characteristic of D branes. As explained in the introduction, this guarantees 
that one can ignore gravitational back reaction effects in the weak coupling limit. The origin of 
the 1/giiA behavior is a DO brane charge, coming from momentum of the membrane in the Xio 
direction. Because the membrane has zero charge, now there is no D2 brane and no winding 
charge for the fundamental string. Thus the state represents a rotating system of DO brane 
and fundamental string in uncompactified ten-dimensional type IIA string theory. 

Now we consider the case of compact Xg coordinate, and the solution with energy given 
by (j2.47p . In terms of type IIA string theory parameters, the analytical energy formula (j2.47|) 
-describing rotation in two planes- becomes 



^^-f7,/|g + f (M.KM.I) + ^. (3.12) 

kiJi + ^2^2 = hJi + I2J2 = . 

At weak coupling, the energy behaves a.s E = const. This behavior is characteristic of D 
branes. For this particular solution there is no DO brane present, since we have set the DO brane 
charge fiio to zero. The origin of the I/qua behavior is the presence of a D2 brane. Indeed, for 
this solution, the membrane charge is equal to rigmiQ — riiomg = ng. Since the membrane is 
also extended in the Zi, Z2 and Xiq directions, after dimensional reduction one is left with a 
rotating bound state of a D2 brane and a fundamental string (with winding charge also equal 
to ng). Remarkably, the energy formula has a simple Regge-type behavior, E^ ~ J. 
Now consider the particular case ng = 0. We get 

E^ = 2{47T^T,R,o) {\hJ,\ + 1^2^21) = ^ (|A;iJi| + \hJ2\) (3.13) 

a' 

It is interesting that the energy of these states does not depend on hyh- In particular, the 
energy is the same as in the case h = I2 = 0, which in the dimensionally reduced theory 
corresponds to a string (see ()2.1(j|l . ()3.4|l ). Thus there is a family of membranes (parametrized 
by /i, with I2 = —I1J1/J2) giving rise to states with the same energy in the string theory. 

The solutions with li = I2 = Q and energy given by ()3.13|) are the solutions of [7]. These 
solutions were found to be quantum mechanically very stable, with a lifetime proportional to [7] 
(7j^^(mass)^. The reason of this long life time is that the closed string cannot classically break 
due to the fact that during the evolution there is never contact between two points of the string. 
It can only decay by emitting light modes. These states are probably the most stable states in 
the string spectrum. We expect that the present membrane solutions with ng 7^ and energy 
given by ()3.12|) are also long-lived quantum mechanically. 

An interesting question is what is the supergravity solution describing these spinning mem- 
branes. Spinning M-brane supergravity solutions were given in [28]. However, none of these 
solutions describe the present configurations. The reason is that the present membrane config- 
urations rotate along the directions where the membrane is extended. 
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3.2 Type IIB string theory 



Type IIB string theory arises by compactifying M theory on the torus X9,Xio. The type IIB 
parameters are related to M theory parameters as follows: 

In terms of type IIB parameters, the general expression of the energy ()2.41|) reads 

= 2 Yl J^^^ + ^Kmio - n,om,r + % f + ^"j . (3.15) 

Let us now consider particular cases. In the case of rotation on one plane, eq. ()2.42j) . we 
have ^ 

= I (ngmio - niomg)^ + ^Jhl + ^] , (3.16) 

describing the BPS non-marginal bound state of D string (charge nio), fundamental string 
(charge fig) and momentum n = rigmio ~ ''^lo^Q; as anticipated in section 2.4.1. 
In the case of the solution (j2.47p describing rotation in two planes, we have 

E^ = 4/^ + 1 ilhJil + + §- . (3.17) 

This is the T-dual of the D2 brane/fundamental string system described in section 3.1. Be- 
cause the D2 brane is extended in Xg and Zi, directions, T-duality in Xg should produce a 
complicated rotating system involving D-strings, D3 branes and fundamental strings, with mo- 
mentum ng. It is remarkable that the energy of such a system is given by a simple Regge-type 
formula. As the type II A T-dual counterpart, we expect that this system is classically stable 
and long-lived quantum mechanically. 



4 Spinning membranes in AdS^ x 5^ 

In this section we construct analogous membrane solutions in a curved background spacetime, 
AdSy X 5''^, which are relevant for AdS/CFT correspondence applications [29]. First we obtain 
the general expression for our solutions, which are of the form ()2.16p . and then we find an 
explicit expression for the energy of these solutions in the large angular momentum limit. The 
solutions generalize the rotating circular strings of [11] to membrane theory. 

We consider membranes on AdS-j x and AdS/^ x 5''^ or, generically, AdS^ x S"'. Let 
^ /X = 0, . . . ,p be the embedding coordinates in the AdS space and , k = 1, . . . , g -|- 1 the 
embedding coordinates in the sphere. The action for the membrane reads 

" T / "^'^ ( " v^/i"^ [d^Y'^dpY'-r]^, + d^X%X'') + \^ 

+ A [Y'^Y^'r]^, + R\)+^ [X^'X^ -Rl)\ ■ (4.1) 
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The Lagrange multipliers enforce the constraints 

9+1 

Y,Xl = R% Y^Y^r^,, = -R\, (4.2) 

k=l 

where -q^i, = (— , +,...,+,—). We have defined A, A so that they transform as \/—h under 
world-volume reparametrizations. The radii of the sphere and of the AdS space are given by 

Rs = 2RAds = lpi2VNY/\ {AdS, x S') , 

Rs = RAds/2 = IpinNy/^ (AdSj x S^) , (4.3) 

where Ip is the Planck length. From the action ()4.1|) one derives the following equations of 
motion for the coordinates, 

AXfc = 9^ (v^r^a„Xfc) , (4.4) 

Ai; = . (4.5) 
Now we consider the following ansatz, 

Zi=Xi+ iX2 = r^e'^^i^+i^'i^+i^^p , 

^2^X3 + iX, = r2e*"2"+^'^2"+™2'' , (4.6) 

Zd = X2d-i + tX^d = rae"^^^+'^^''+^^^P , 

where d = 2 for 5^ and = 4 for S*^. For the AdS coordinates, we take 

Z, = Y^ + iY, = RAe''''^ . (4.7) 

We use the same gauge as in section 2, given by hra = 0, h^-p = and hrrL"^ = —Q- For our 
ansatz ()4.6p . these constraints read 

d d 

TUa^arl = riaUJarl = , (4.8) 

a=l a=l 
d ^ 

RWq - Y "^Wa = J2Y^ rlrlimbTia - manbf . (4.9) 

a=l b<a 

The equations of motion that are derived from the action 1)4.11) give rise to the following relations 
between the parameters: 

A = -Lu;^ , (4.10) 

112 

-A = Lul - -hppml - -Kafil + —KprnaUa 

1 

= Lwl - jy^jl jribma - ngiribf . (4-11) 

b=l 
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The energy and the angular momenta can be derived from (|2.23|) . (j2.24j) . 



(4.12) 



E = A7r^T2LRAUJo = Att^T2LRa S . (4.13) 
The constraint Ylt=i ^1 — '^^^ t)e written as 

t^ = Rl-. (4.14) 

a=l 

Solving ()4.1ip . one finds the frequencies in terms of A. Then A is determined using ()4.14|) . 
Plugging the result into (j4.9j) (with = RgJ'a/uJa), one determines the energy (|4.13p in terms 
of Ja and winding numbers. The system of equations can be solved systematically as power 
series in y, 



J = J2j'a. (4.15) 



a=l 



Note that large implies also large Lagrange multiplier |A|. Indeed, since the radii on 
the sphere are bounded, large angular momenta requires large frequencies, which, by M.llj) . 
implies large |A|, and the scaling |A| ~ JT"^. This situation is similar to that of spinning strings, 
see [11]. So we first solve equation ()4.11|1 for the frequencies (inserting = R\Ja/uJa) using 
perturbation theory and then plug the expression of the frequencies in the constraint ()4.14|) to 
express A in terms of the angular momenta and the winding numbers. We find 

R^ / 1 \ 

Wc = J +^^ji^^Ja{n,ma-nam,f + 0\y—;^ \ , (4.16) 

a=l ^ ^ 

|Ar/^ = J- Yl J^Jcin.^a - uam^r + O . (4.17) 

a,c ^ ' 

Hence we find the energy: 



Taking the square root and expanding, we get 



a, 6=1 



(4.19) 



Finally, expressing eq. ()4.19|) in terms of the physical energy and spin, one obtains that the 
dependence on the arbitrary constant L cancels, as expected, to give the result, 

a,b=l 
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supplemented with the constraints (|4.8|1 



J-"^- = 5^ </a^a = . (4.21) 



a=l a=l 

This spinning toroidal membrane solution is the analog of the circular spinning strings in 
AdS^ X 5*^ found in [11]. For the spinning strings, in the large angular momentum limit, one 
finds the formula 

1 ^ 

^-J=l^,Y.'^'^^ + - ■ (4.22) 

i=l 

As in the case of AdS^ x ()4.22p . the energy ()4.20|) of configurations with angular momentum 
on the sphere exhibits the behavior E J, a.s opposed to the Regge behavior E"^ J of fiat 
space. In the framework of the AdS/CFT correspondence, the energy formula ()4.20j) gives the 
anomalous dimension of a CFT operator with S0{5) (for the 5+1 CFT) or S0{8) for the 2+1 
CFT) charges Ja- 

In the particular case of rotation in two planes, there is a significant simplification, because 
in this case the constraint ()4.8p implies that nim2 — m2ni = 0. As a result, the energy is given 
by the leading order term without higher order corrections, 

E = ^, (4.23) 

This suggests that this configuration should be supersymmetric and that the corresponding 
CFT operator should be BPS, since its bare dimension is exact in the classical membrane 
approximation. 

5 Membranes and Matrix theory 

In this section we consider solutions of the matrix model equations which are the analogues of 
the classical membrane solutions of Section 2.2, and study their properties. 

5.1 Membranes solutions and matrix model solutions 

The starting point is the bosonic part of the supersymmetric quantum-mechanics Yang-Mills 
Lagrangian describing the dynamics of DO branes, given by 



1,...,8, (5.1) 



2R 

where X* are matrices of the Lie algebra of SU{N). The equations of motion are 

^X.^_^j2[[x\X<],X'] . (5.2) 

^ i=l 

This equation of motion is supplemented with the self-consistency Gauss constraint, 

8 

J2\X^,X^=0. (5.3) 



1=1 



16 



In order to establish a dictionary between membrane solutions and matrix model solutions, let 
us recall how the toroidal membrane arises as the N = oo limit of the SU{N) matrix model. 
The toroidal membrane coordinates can be expanded as 



X\r,a,p)= Kmir)e-^-^^ J2 Krn{r)Tnm . (5.4) 

n,m=— oo n,m=— oo 

where T„^„2 = are generators of the area-preserving diffeomorphism algebra of the torus, 

{Tfi, T^} = {fix m)Tfi+rn , {fix rh) = nim2 - mim2 . (5.5) 

The analogue of the generators in the SU{N) matrix model is a special basis of generators 
{Jfi} of the Lie algebra of SU{N) satisfying the algebra [30,31] 



/27r 

[Jm, Jn] = -2ism i — ( 



(n X m) I J^+^ , N = odd 



(5.6) 



IT 



-2i sin ( — (n X m) ) J,^+^ , = even . 



(5.7) 



In the Appendix we review the construction and properties of these algebras. A general matrix 
on the Lie algebra can be expanded as 



X' (r ) 



n, 771=0 



{5.i 



where prime means excluding the term {n,m) = (0,0). In the N = oo limit, the algebra 
()5.(jj) . ()5.7|1 approaches the area-preserving diffeomorphism algebra of the torus, and the SU{N) 
matrix theory is expected to reproduce exactly the same dynamics of membrane theory in the 
light-cone gauge, since they are described by the same Hamiltonian. 

Given any toroidal membrane classical solution, it can be expanded as in ()5.4|) . Then one 
can write down an ansatz for a matrix model solution of the form ()5.8|) by taking the same 
coefficients and extending the sum taking into account the periodicity, J(^rni+Nki,m2+Nh) = 
J(mi,m2)- For the rotating membrane solutions of section 2, the ansatz is straightforward since 
in complex coordinates Za there is a single term in the sum ()5.4|) . i.e. Za = raC*'^"'^ ^ikau+iiap_ 

5.2 Rotating matrix model solution 

Here we review the rotating solution of the matrix model given in [18]. The starting point is 
the matrix model Lagrangian ()5.1|) in complexified coordinates as 



^tr[Z.Zt]+|^tr([Z„,Z, 



Zlzl 



Za^ Z\ 



[ZlZ,] , a,6=l,...,4. (5.9) 



The equations of motion of the matrix model and the constraint take the form 



^z 



40 



2/6 



Zl, [Zb, Za] 



Zl, Za 



(5.10) 
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. 



(5.11) 



A solution with rotation in the planes Za can now be found by analogy with the membrane 
case, i.e. replacing Tnm = e*"'^"*"*"^'' by Jnm, with the matrix ansatz 



Za '"aC Jfia 



. d 



(5.12) 



where 1 < d < 4. Consider the case of even A^. The equations of motion ()5.10|) give the relation 



UJ 



d2 

a ^76 



vr 



6=1 



rl sin^ [ — [ribX n„ 



(5.13) 



which is the analog of the relation ()2.17|) . The Gauss constraint ()5.11|) is satisfied automatically 
by the ansatz ()5.12p . using that = J-rn- 



5.3 Energy of this configuration 

Let us now evaluate the light-cone energy P„ of the solutions that we have found above. This 
is obtained by inserting the solution ()5.12j) into the Hamiltonian corresponding to the matrix 
model ()5.9p . We obtain 

P- = H=^j: -Ya - ^ E rlrl sin^ (^n. x n,) . (5.14) 

a=\ P a,b=l 

Using eq. ()5.13|) for the frequencies, the energy can be expressed in a compact form as 

P- = ^ E "-y^ ^i^' (^^'^ ^ ^0 • (5.15) 



a, 6=1 



For large A^, this has the same form as the membrane energy (j2.2(j|l . which (using (j2.17|l . (j2.25|l ) 
can be written as 



a,b=l 

Let us now consider explicit cases. In the case of SU{2), the simplest non-trivial example, 
the generators of the Lie algebra ()5.7|) coincide with the usual Pauli matrices, as can be seen in 
the Appendix. For this group we find that any non-trivial configuration (with non-zero energy) 
has an energy given by 

P- = '-p t «sta^(^)=^ E «. (5.16) 

P a,b=l,ay^b P a,b=l,aj^b 

In a similar way one can obtain the energy for the case of SU{3), but now it can be seen that 
there are configurations with different energy. 

The matrix model solution can be viewed pictorially as follows. Recall that the diagonal 
entries in the matrices Za represent strings which begin and end on the same DO brane, whereas 
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the non-diagonal entries represent strings going from one DO brane to a different one. For the 
SU (3) case, there are three DO branes. The Za can be proportional to any of the eight generators 
listed in appendix A. Solutions with a Zg, proportional to a generator with three non-diagonal 
entries represent a configuration of three strings joining the three DO branes, forming a triangle, 
which rotate in the plane Za- In another plane Zi,. the sohition can have Z^ proportional to a 
diagonal generator J(i,o) J(2,o)- representing a rotating system of three DO branes with strings 
beginning and ending on the same DO brane. 
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Appendix A Construction of SU{N) generators 

In this appendix we review the construction and relevant properties of the SU (N) generators 
in the representation that we are using [30]. First we do this in general and then we give 
the exphcit expressions for the SU{S) generators. These algebra becomes the area-preserving 
diffeomorphism algebra of the toroidal membrane in the N ^ oo limit. 

A basis for the SU {N) algebras can be built from two unitary N x N matrices. 





( 1 





. 





\ 




( ° 


1 


. 









uo 


. 















1 . 


. 


9 = 















, h = 








. 


. 1 









. 













. 





h 



N 



(A.l) 



where uj is an A^'th root of unity with period no smaller than A^, that is, uo = e^'^'^l^ for N odd 
and ijj — e*^'^/^ for A" even. Now using hg — ujgh, it follows that the unitary N x N matrices 



Jrr 



2 g^^hT"^^ m= {1711,1112) , 



span the algebra of SU {N) , that is, they close under multiplication 



(fixrh) 

JfiJrh — ^ ^ Jfi+Th 1 



(A.2) 



(A.3) 



with UJ as defined above, so that their commutation rules are given in terms of trigonometric 
structure constants, 

[Jrn, Jn] = (a;'^^"^/2 - a;-"^^™/^) J^+^ = -2i sin (^^m x J^f^+n , (A.4) 

where the last equahty follows for odd A^ (for even N one has tt instead of 27r) , and the vector 
product is defined in the usual way, n x m = nim2 — min2- Another interesting property is 
that for the case of three generators whose winding number satisfy 



^1 + ^2 + ^3 = , 



(A.5) 
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then the algebra of these generators gets simphfied and we get a twisted SU{2) trigonometric 
algebra 

[^ni, Jn^] = -2^ sin {ni x ^2)^ , (A.6) 

together with the corresponding permutations. This algebra is twisted SU (2) in the sense that 
it is the algebra of SU{2) but with a single trigonometric structure constants, since due to the 
condition ()A.5|) it follows that ni x n2 = ni x = rvz x n^. 

From their definition, one can check that all the generators are traceless. Consider, in 
particular, the generators of the form 

</(mi,o) , mi < (A.7) 

The trace is given by 

tr(J„„o)=tr^7'"i = 5^^\ (A.8) 

k=0 

which indeed vanishes, since u is the A^— th root of unity. These generators are normalized as 
follows, 

tr (j^4) = tr {JhJ-h) =tTl = N . (A.9) 

Now we compute the explicit expressions for the generators of the SU (2) and SU{3) algebra 
in the basis of [30]. For SU{2) the generators reduce to the usual Pauli matrices, 

-^(1,0) = 0"3 , -^(0,1) = O"! , -^(1,1) = • (A. 10) 

For SU (3) the expressions are more involved, differing from the usual canonical basis. These 
generators of the algebra of SU{?>) are given by 

^(1,0) = I ^ e^^-/3 I , J(2,o) = f ^ e^2./3 

g«27r/3 / \ gi47r/3 









-^(0,1) = 1 




> -^(0,2) = 1 



■^(1,1) 



/ gi27r/3 
^ gi47r/3 




, J(2,2) = 1^ e^^-/3 j (A.ll) 

(A.12) 



gi47r/3 \ / gi47r/3 



One can explicitly check with this equations the algebra of the generators, given by 

[Jrn,Jn] = -2i sin (^^^rh X nj Jr^+fi (A.13) 
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subject to the periodicity of the generators of the algebra, namely 

with ka, la integer numbers. One can explicitely check that all these generators are indeed 
traceless, that is 

tr(J^) = 0. (A.15) 
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